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Abstract
In this paper, we consider a lopsided flavor texture compatible with thermal
leptogenesis in partially composite Pati–Salam unification. The Davidson–Ibarra
bound MνR1 & 10
9GeV for the successful thermal leptogenesis can be recast to the
Froggatt–Nielsen (FN) charge of the lopsided texture. We found the FN charge nν1
of the lightest right-handed neutrino νR1 can not be larger than a upper bound,
nν1 . 4.5.
From the viewpoint of unification, the FN charges of the neutrinos nνi should
be the same to that of other SM fermions. Then, two cases nνi = nqi = (3, 2, 0) and
nνi = nli = (n + 1, n, n) are considered. Observations of PS model shows that the
case of n = 0, nli = ndi = (1, 0, 0) will be the simplest realization.
To decrease the FN charges of these fermions from the GUT invariant FN charges
nqi = (3, 2, 0), we utilize the partial compositeness. In this picture, the hierarchies
of Yukawa matrices are a consequence of mixings between massless chiral fermions
fL, f
′
R and massive vector fermions FL,R, F
′
L,R. This is induced by the linear mixing
terms λf f¯LFR and λ
f ′ F¯ ′Lf
′
R.
As a result of the partial compositeness, the decreases of FN charges require
fine-tunings between mass and Yukawa matrices either for the increases of λf,f
′
or
for the decreases of MF,F ′. Therefore, the case for n = 2 and ndi = nli = (3, 2, 2),
which requires only increases of FN charges will be appropriate to build a natural
model.
Moreover, it is found that composite neutrino sector should have (almost) the
same flavor structure to reproduce the large mixing of neutrinos by the type-I seesaw
mechanism. If the vev of GUT breaking Higgs mediates flavor structure, they
contribute to some mass term. Then, this statement can be hold for even in other
Pati–Salam model, that does not assume the partial compositeness.
1
1 Introduction
The peculiar flavor structure of the Standard Model (SM) can be some hints of the
theoretical origin of the Higgs boson and the flavor puzzle. On the other hand, analysis of
flavor structures strongly depend on how we consider the origin of the Higgs boson. Then,
study of model independent flavor textures is one of the dominant approach. For example,
the Fritzsch texture [1–8], the democratic texture [9–22], and the lopsided texture [23–29].
Among them, the lopsided texture appears to be more natural by two reasons:
• If we assume the type-I seesaw mechanism [30], majorana mass matrix of right-
handed neutrinos would be waterfall texture whether Yukawa matrix is cascade or
waterfall [31] in Table 1. Then, waterfall is more desirable for the unified description
of flavor.
• If a waterfall texture is symmetric matrix, quark Yukawa matrices should have
approximate zero texture [32] in order to realize the CKM matrix [33, 34]. In some
sense, zero textures in low energy is unnatural without a complicated symmetry.
Then, the asymmetric waterfall texture appears to be more natural.
ǫ ǫ ǫǫ δ δ
ǫ δ 1
 ǫ2 ǫδ ǫǫδ δ2 δ
ǫ δ 1

Cascade Waterfall
Yu =
 ≪ mu √mumc ≪√mumt√mumc mc ≪√mcmt
≪√mumt ≪ √mcmt mt

(a) (b)
Table 1: (a) The cascade and waterfall texture for 1 ≫ δ ≫ ǫ [35]. (b) An example of
symmetric Yukawa texture compatible with CKM matrix [32].
In this paper, we consider a lopsided flavor texture compatible with thermal lepto-
genesis in partially composite Pati–Salam unification. The Davidson–Ibarra (DI) bound
[36,37] for the successful thermal leptogenesis can be recast to the Froggatt–Nielsen (FN)
charge [38] of the lopsided texture. We found the FN charge nν1 of the lightest right-
handed neutrino νR1 can not be larger than a upper bound, nν1 . 4.5.
The Grand Unified Theory (GUT) [39] is suitable to explore the unified origin of
flavor structures. Since the proton decay have not been observed for a long time [40], it
is somewhat reasonable to consider the Pati–Salam unification [41], a GUT model with
no proton decay. From the viewpoint of unification, the FN charges of the neutrinos nνi
should be the same to that of other SM fermions. Then, two cases nνi = nqi = (3, 2, 0)
and nνi = nli = (n + 1, n, n) are considered. Observations of PS model shows that the
case of n = 0, nli = ndi = (1, 0, 0) will be the simplest realization.
To decrease the FN charges of these fermions from the GUT invariant FN charges
nqi = (3, 2, 0), we utilize the partial compositeness [42,43]. In this picture, the hierarchies
of Yukawa matrices are a consequence of mixings between massless chiral fermions fL, f
′
R
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and massive vector fermions FL,R, F
′
L,R. This is induced by the linear mixing terms λ
f f¯LFR
and λf
′
F¯ ′Lf
′
R.
If the GUT breaking Higgs contributes these linear mixing terms, the resulting Yukawa
interactions can be different between quarks and leptons. For this purpose, we employ the
bi-fundamental Higgs HR(4,1,2) under the PS group GPS = SU(4)c × SU(2)L × SU(2)R
[44]. In order to mediate the GUT breaking effect to the quarks and leptons, exotic
fermions ψαβL (6, 1, 1) ∼ (D˜cR, D˜L) and χabR (1, 2, 2) ∼ (L˜cL, L˜R) are introduced. They can
form a 10 representation in SO(10). Yukawa interactions between exotics and composites
generate GUT breaking linear mixings.
The lopsided texture in partially composite models is generated from the particular
set of mass terms λfLM−1F and M
−1
F ′ λ
fR. Then, decreases of FN charges are realized
by increases of λfL,fR or decreases of MF,F ′. Since the couplings between exotics and
elementals are forbidden, the increases of λfL,fR from mixings are difficult without fine-
tunings for MF,F ′, Y
6V ≫ λfL,fR. On the other hand, the decreases of MF,F ′ require an
order of λ2 ≃ 5% fine-tunings between matrices Y 6V, Y˜ 6V and MF,F ′.
As a result of the partial compositeness, the decreases of FN charges require fine-
tunings between mass and Yukawa matrices either for the increases of λf,f
′
or for the
decreases of MF,F ′. Therefore, the case for n = 2 and ndi = nli = (3, 2, 2), which requires
only increases of FN charges will be appropriate to build a natural model.
Moreover, it is found that composite neutrino sector should have (almost) the same
flavor structure to reproduce the large mixing of neutrinos by the type-I seesaw mech-
anism. If the vev of GUT breaking Higgs mediates flavor structure, they contribute to
some mass term. Then, this statement can be hold for even in other Pati–Salam model,
that does not assume the partial compositeness.
This paper is organized as follows. In the next section, we review the lopsided texture
and the DI bound. In Sec. 3, the lopsided texture in PS GUT is overviewed. In Sec. 4, the
partial compositeness is reviewed. In Sec. 5, we consider a partially composite Pati–Salam
Unification. The final section is devoted to conclusions and discussion.
2 Thermal Leptogenesis with Lopsided Texture
In this section, we discuss how the Davidson–Ibarra bound of the thermal leptogenesis
[36, 37] restricts the Froggatt–Nielsen (FN) charge [38] of the lopsided texture. First of
all, the Yukawa interactions of the SM is defined as
L ∋
∑
f
−yfij f¯Lif ′RjH + h.c. , (1)
for the SM fermions f = q, l, f ′ = u, d, ν, e and the Higgs boson H . The lopsided texture
(at the GUT scale ΛGUT ≃ 2× 1016GeV) is represented as
yu ∝
λ6 λ5 λ3λ5 λ4 λ2
λ3 λ2 λ0
 , yd ∝ yTe ∝
λ4 λ3 λ3λ3 λ2 λ2
λ1 λ0 λ0
 , mν ∝
λ2 λ1 λ1λ1 λ0 λ0
λ1 λ0 λ0
 . (2)
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Here, λ is the Cabibbo angle λ ≃ 0.22. If the light neutrino mass is induced by the type-I
seesaw mechanism [30], the neutrino Yukawa and heavy majorana mass matrices should
have the following form
yν ∝
λnν1+1 λnν2+1 λnν3+1λnν1 λnν2 λnν3
λnν1 λnν2 λnν3
 , MνR ∝
 λ2nν1 λnν1+nν2 λnν1+nν3λnν1+nν2 λ2nν2 λnν2+nν3
λnν1+nν3 λnν2+nν3 λ2nν3
 , (3)
in order to realize the large mixing of MNS matrix [45]. These textures, realized by
the U(1) Froggatt–Nielsen (FN) charges in Table 2, appears to be more natural by two
reasons, as we mentioned at the introduction:
• If we assume the type-I seesaw mechanism, majorana mass matrix would be water-
fall texture whether Yukawa matrix is cascade or waterfall [31] in Table 1. Then,
waterfall is more desirable for the unified description of flavor.
• If a waterfall texture is symmetric matrix, quark Yukawa matrices should have
approximate zero texture [32] in order to realize CKM matrix [33, 34]. In some
sense, zero texture in low energy is unnatural without a complicated symmetry.
Then, the asymmetric waterfall texture appears to be more natural.
Field 101 102 103 5¯1 5¯2 5¯3 11 12 13
U(1) 3 2 0 n + 1 n n nν1 nν2 nν3
Table 2: The FN charge assignments of the SM fermions grouped into the representations
of SU(5), 10i = (qL, u
c
R, e
c
R)i, 5¯i = (d
c
R, lL)i, 1i = ν
c
Ri.
The thermal leptogenesis with the lopsided texture have been discussed in several
papers [28,46,47]. They agreed that larger nνi are incompatible with the DI bound. Here
let us confirm this fact systematically.
In order to retain the room for adjustment of FN charges, the two Higgs doublet model
(2HDM) is assumed. The fermion mass matrices are given by
muij =
v√
2
yuijsβ, mdij =
v√
2
ydijcβ, (4)
mDiracνij =
v√
2
yνijsβ, meij =
v√
2
yeijcβ, (5)
where tanβ ≡ vu/vd, vu = v sin β ≡ vsβ, vd = v cos β ≡ vcβ.
In this case FN charges of leptons nli, nei, nνi have dependence of tan β through the
mass relations,
mDiracνi ≃
1√
2
λnli+nνivcβ, mei ≃ 1√
2
λnli+neivcβ. (6)
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Tentatively nli, nei, nνi are treated as free parameters, without fixing them like in Table
2. The light neutrino mass is given by
mν ≡ m
 λ2nl1 λnl1+nl2 λnl1+nl3λnl1+nl2 λ2nl2 λnl2+nl3
λnl1+nl3 λnl2+nl3 λ2nl3
 . (7)
In the many model with lopsided textures, the mass eigenvalues of the lighter neutrinos
mνi are roughly fixed as
mdiagν ∼ m
λ2nl1 0 00 λ2nl2 0
0 0 λ2nl3
 ∼
0.002 0 00 0.01 0
0 0 0.05
 [eV]. (8)
Then, the overall factor m ∼ λ−2nl10.002 [eV] ∼ λ−2nl30.05 [eV] also depends on tan β
through the FN charge of the left-handed leptons nli.
By the seesaw mechanism, the heavy majorana mass matrix can be reconstructed as
follows
MνR =
v2s2β
2
yTνm
−1
ν yν , (9)
=
v2s2β
2m
 λ2nν1 λnν1+nν2 λnν1+nν3λnν1+nν2 λ2nν2 λnν2+nν3
λnν1+nν3 λnν2+nν3 λ2nν3
 ∼ 2462 [GeV2]s2βλ2nν1
2m
1 0 00 λ2(nν2−nν1) 0
0 0 λ2(nν3−nν1)
 .
(10)
If we assume the normal hierarchy nν1 > nν2 > nν3 for νRi, the FN charge of the lightest
right-handed neutrino nν1 is bounded by the DI bound:
MνR1 ∼
6× 104 [GeV2]s2βλ2nν1
2λ−2nl10.002 [eV]
& 109 [GeV], (11)
6× 1014 [GeV]s2βλ2(nν1+nl1−1) & 109 [GeV], (12)
1.5× 107λ2(nν1+nl1) & 1, ⇒ 5.5 & (nν1 + nl1). (13)
The factor 6 × 1014 is well-known result of the seesaw scale [48]. In the third line, we
set sβ ≃ 1. The result shows that successful thermal leptogenesis requires larger tan β
and smaller FN charges, in the model with lopsided textures. For example, nν1 . 4.5 for
nl1 = 1 (large tanβ), and nν1 . 2.5 for nl1 = 3 (tanβ ∼ 1). This result is consistent with
the previous papers [46, 47].
However, this bound can be applied only for the strongly hierarchical right-handed
neutrinos M2,3 > 100M1 [49, 50]. It corresponds to the case nν1 & nν2 + 1.5, where the
hierarchy of MνR is about as same as that of up-type quarks.
5
3 Lopsided texture in Pati–Salam GUT: overview
The Grand Unified Theory (GUT) [39] is suitable to explore the unified origin of flavor
structures. The lopsided texture have been embedded to SO(10) [24, 28, 29], E6 [25, 27],
and originally E7 [23]. These GUTs were well researched because they predict proton
decay. One of the latest bound of the proton decay is τ/B(p → e+π0) > 1.6 × 1034
years at 90% confidence level [40]. In contrast, the Pati–Salam (PS) unified model [41]
has no proton decay, unless the model has f ci [yφij + y˜ǫ
ijklφkl]fj type coupling with a 6
representation scalar φij under SU(4)c [57]. Since a proton decay have not been observed
for a long time, it is somewhat reasonable to consider a GUT model without proton decay.
The lopsided texture in Pati–Salam unification is also realized by FN mechanism [26].
First of all, let us discuss on the relation between FN charges and the DI bound in the
PS model. From the viewpoint of unification, the FN charges of the neutrinos nνi should
be the same to that of other SM fermions. Then, two cases nνi = nqi = (3, 2, 0) (here
we name this “quark type”) and nνi = nli = (n + 1, n, n) (“lepton type”) are considered.
Smaller (larger) n charge corresponds to large (small) tan β. Here we will constrain the
FN charges by several physical suggestions, presented as Table 3.
• Representation of GUT Higgs field: In order to generate different flavor struc-
tures in the PS model, GUT breaking Higgs should mediate flavor dependence in some
way. Usually the symmetry breaking of the PS model is achieved by the following two
Higgs fields Σ(15, 1, 1), ∆R(10, 1, 3) under the group GPS ≡ SU(4)c×SU(2)L×SU(2)R:
〈Σ〉 = V

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3
⊗ (1 00 1
)
, 〈∆R〉 = V ′

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
⊗(0 01 0
)
. (14)
However, it is difficult to induce different flavor structures between quarks and leptons,
unless an exponential couplings such as e−yΣ/Λ are assumed.
Alternatively, we employ a bi-fundamental representation
HR (4, 1, 2) = (uRH , dRH , νRH , eRH), (15)
under GPS [26, 44]. This Higgs corresponds 16 representation of SO(10) and the truly
minimal Higgs [62] in the left-right symmetric model. HR breaks the group GPS to SM
by obtaining a vacuum expectation value (vev) in the “right-handed neutrino” direction:
〈HR〉 = 〈νRH〉 ∼ 1016GeV, (16)
and then the breaking scale is determined uniquely. Therefore, GUT invariant FN charges
are determined as nfi = (3, 2, 0), because the vev of HR is difficult to couple quarks.
• Davidson–Ibarra bound: Since the FN charges of the lightest right-handed neu-
trino have the upper bound, thermal leptogenesis fails for the quark type with small tan β.
There is two ways to avoid this DI bound. The one way is to satisfy the bound nν1 . 4.5.
6
quark type lepton type
nνi = (3, 2, 0) nνi = (1, 0, 0)
n = 0 nli = (1, 0, 0) nli = (1, 0, 0)
tanβ ≃ 40 it will be the it requires another
MGUT & MF simplest realization change of nνi
nνi = (3, 2, 0) nνi = (3, 2, 2)
n = 2 nli = (3, 2, 2) nli = (3, 2, 2)
tanβ ≃ 1 incompatible with it requires another
MGUT ≪ MF thermal leptogenesis change of nνi
Table 3: Relation between the FN charges, leptogenesis, the flavor scaleMF and the GUT
scale MGUT.
The other is to weaken the hierarchy of the mass of right-handed neutrinos, because the
DI bound does not holds for mild-hierarchical νRi, in such a case of MνR ∝ mν [49, 50].
• Magnitude correlation between MGUT and MF : Here, MF is the scale where
the flavor structure is produced. If MF ≫MGUT holds, GUT breaking flavor effects stay
within perturbative range. Then, this case can induce only increases of FN charges, such
as (3, 2, 0)→ (3, 2, 2). On the other hand, decreases of the FN charges (3, 2, 0)→ (1, 0, 0)
imply that the GUT scale is larger than the scale MF . Here, the case of n = 1 (or
(3, 2, 0)→ (2, 1, 1)) is not considered, because it requires both increases and decreases of
FN charges. These discussion is summarized in Table 3.
The quark type appears to be the simplest realization, because the latter case requires
additional change of the flavor structure of neutrinos, nνi = (3, 2, 0)→ (n + 1, n, n). We
will discuss the latter possibility in the next paper, and focus on the former one. In this
case, the FN charges of leptons (and down-type quarks) should decrease nli = (3, 2, 0)→
(1, 0, 0) by the vev of GUT Higgs Eq. (16). In the next section, we will discuss the partial
compositeness, because this theory can decrease the FN charges.
4 Partial Compositeness in Composite Higgs Model
Construction of the lopsided texture is basically classified into two ways: FN mechanism,
and mixing between SM and heavy fermions1. The typical example of the latter case is E6
twist mechanism [25], universal seesaw [53, 54], partial compositeness [42, 43], and so on.
Among them, a paper with the E6 twist naively have failed the thermal leptogenesis [47],
because the model should have large FN charge nνi = (3, 2, 0) and small tanβ. Here, we
consider the partial compositeness for realization of the lopsided texture.
The basic idea of the partial compositeness is that the SM fields at low energy are
the mixed states between elemental (massless) fields and composite (massive) fields, like
ρ− γ mixing. Flavor structures are induced from mixings between massive and massless
1Composite models called “dual FN mechanism” are also considered [51, 52].
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fermions with the same quantum numbers. In this section, we will shortly review the
composite Higgs model with partial compositeness.
4.1 Partial compositeness
The original context basically assumes lower composite scale around TeV and some large
global symmetry which contains the SM gauge group. The minimal model has the strong
sector with a global symmetry SO(5)× U(1)X which is broken down to SO(4)× U(1)X
at the scale f [55, 56]. In this paper, we do not assume the compositeness and such a
symmetry.
The composite Higgs model (under the breaking scale f) can be described by a simpli-
fied two-site description [43], where the composite sector is replaced by the first resonances
which mix with the SM fields. The Lagrangian is divided to three parts:
L = Lcomposite + Lelementary + Lmixing. (17)
The linear mixing terms Lmixing represent mass terms between massive and massless fields.
Due to this mixing, massless eigenstates which are identified with the SM fields are su-
perposition of elementary and composite states. The Lagrangian for these fermions are
written as
Lcomposite = Q¯i(iD/ −MQi)Qi + U¯i(iD/ −MUi)Ui + D¯i(iD/ −MDi)Di
+ L¯i(iD/ −MLi)Li + N¯i(iD/ −MNi)Ni + E¯i(iD/ −MEi)Ei (18)
+ Y Uij Q¯LiH˜URj + Y
D
ij Q¯LiHDRj + Y
N
ij L¯LiH˜NRj + Y
E
ij L¯LiHERj
+ Y˜ Uij U¯LiHQRj + Y˜
D
ij D¯LiH˜QRj + Y˜
N
ij N¯LiHLRj + Y˜
E
ij E¯LiH˜LRj + h.c. , (19)
Lelementary = iq¯LiD/ qLi + iu¯RiD/uRi + id¯RiD/dRi + il¯LiD/ lLi + iν¯RiD/ νRi + ie¯RiD/ eRi , (20)
Lmixing = λqij q¯LiQRj + λuijU¯LiuRj + λdijD¯LidRj + λlij l¯LiLRj + λνijN¯LiνRj + λeijE¯LieRj + h.c. .
(21)
Here, the small-letter fields qL, uR, dR, lL, νR, eR are the elemental fermions and the capital-
letter fields Q,U,D, L,N,E are vector-like composite fields with the same gauge charges
of corresponding elemental fields. H˜ ≡ iσ2H∗ is the conjugate field of the Higgs doublet
H .
Redefining the physical states, one can obtain the SM Yukawa interactions. For the
doublet quarks, the mass matrix is rewritten as follows;(
q¯Li Q¯Li
)( λqij
MQiδij
)
QRj + h.c. . (22)
We can diagonalize this 3 × 6 component matrix perturbatively for MQi ≫ λqij. At the
leading order, the mass eigenstates of the doublets are found to be(
qphysLi
QphysLi
)
=
(
1− 1
2
∆∆† −∆
∆† 1− 1
2
∆†∆
)
ij
(
qLj
QLj
)
≃
(
qL − λqM−1Q QL
M−1Q λ
q†qL +QL
)
i
+O
(
λq 2
M2Q
)
, (23)
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where ∆ij ≡ λqijM−1Qj . Substituting Eq. (23) and similar equations for other fermions in
Eq. (19), the SM Yukawa interactions are represented by seesaw-like formulae2
yu = λ
qM−1Q Y
UM−1U λ
u, yν = λ
lM−1L Y
NM−1N λ
ν , (24)
yd = λ
qM−1Q Y
DM−1D λ
d, ye = λ
lM−1L Y
EM−1E λ
e. (25)
In this picture, hierarchies of the SM Yukawa interactions are generated by hierarchies
of λf ,MF , and Y
F . The terms with Y˜ do not contribute SM Yukawa matrices in the
first order of λf/MF . However, the leading approximation can not be valid for the third
generation, and we should keep in mind it is just a “thumb counting”.
5 Partially Composite Pati–Salam Unification
Here, we will consider a lopsided flavor texture compatible with thermal leptogenesis in
partially composite Pati–Salam unification. GUTs with the composite Higgs have been
considered in some literatures [58,59]. PS GUT model were discussed in [60,61]. The key
observation is that if the vev (16) induces linear mixing mass terms λf , the difference of
quarks and leptons can be generated.
The field content of the model is shown in Table 4. In partially composite models,
Higgs boson is a Nambu–Goldstone boson (NGB) of some global symmetry and it can
only couple with massive composites. Here, such a global symmetry is not imposed, and
we assume that Higgs fields Φ, HR only couple with massive fermions F, F
′ and exotics
ψL, χR, σL.
SU(4)c SU(2)L SU(2)R
fLi 4 2 1
fRi 4 1 2
F(L,R)i 4 2 1
F ′(L,R)i 4 1 2
ψL 6 1 1
χR 1 2 2
σL 1 1 1
Φ 1 2 2
HR 4 1 2
Table 4: The charge assignments of the fermions and Higgs fields under the gauge sym-
metries. The index i = 1− 3 represents flavor of the fermions.
2We can obtain the same results from integrating out the massive (composite) fields by solving the
equations ∂L/∂Q = ∂L/∂U = · · · = 0 for the whole Lagrangian.
9
The relevant part of flavor structures in partially composite PS GUT is given by
Lcomposite = F¯i(iD/ −MFi)Fi + F¯ ′i (iD/ −MF ′i )F ′i + Y Fij F¯LiΦF ′Rj + h.c. , (26)
Lelementary = if¯LiD/ fLi + if¯RiD/ fRi, (27)
Lmixing = λfLij f¯LiFRj + λfRij F¯ ′LifRj + h.c. , (28)
where F = (Q,L) and F ′ = (U,D,N,E). The Lagrangian corresponds to the special case
of Eqs. (18)-(21) with relations
λq = λl = λfL, MQ = ML =MF , Y
U = Y D = Y N = Y E, (29)
λu = λd = λν = λe = λfR, MU = MD =MN =ME =MF ′ . (30)
If the gauge symmetry is not broken, it leads to the unrealistic GUT relation
yfSM = λ
fLM−1F Y
FM−1F ′ λ
fR. (31)
Conversely, the GUT relation can be broken if the vev (16) contributes to the mass
parameters.
5.1 Exotic fermions and their interactions
In order to mediate GUT breaking flavor effects to the fermionic sector by renormalizable
interactions, exotic fermions should be introduced. For this purpose, fields ψαβL (6, 1, 1) ∼
(D˜cR, D˜L) and χ
ab
R (1, 2, 2) ∼ (L˜cL, L˜R) appears to be a simple choice. They can form 10
representation in SO(10). Since they are real representations, the chiralities of fields ψL
and χR have no essential meaning. These exotic fermions are also assumed to couple to
Higgs fields (and then would be globally charged in partially composite models).
The general Yukawa interactions between these fields are written as
L = Y 6ψ¯αβL HαaR F ′Rβa + Y 22F¯ αaL HαbR χabR (32)
+ Y˜ 6F¯ ′L
αaH†βaR ǫ
αβγδ(ψcL)
γδ + Y˜ 22ǫad(χ¯cR)
deǫebH†αaR F
αb
R + h.c. , (33)
By the vev (16), the exotics generate other linear mixing terms
L → Y 6ijV ¯˜DαLiDαRj + Y 22ij V L¯aLiL˜aRj (34)
+ Y˜ 6ijV D¯
α
LiD˜
α
Rj + Y˜
22
ij V
¯˜LaLiL
a
Rj + h.c. , (35)
These exotics should have mass terms to mediate flavor structures. Here we assume
economical majorana mass
L = 1
2
M˜ψψ¯
αβ
L ǫ
αβγδ(ψcL)
γδ +
1
2
M˜χǫ
ad(χ¯cR)
deǫebχabR + h.c. , (36)
= M˜ψ
¯˜DLD˜R + M˜χ
¯˜LLL˜R + h.c. . (37)
Probably naive composite theories have vectorlike exotics ψL,R, χL,R with Dirac mass
terms. However, extensions to the Dirac mass is trivial and it has no influence on the
later discussion.
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5.2 Discussions of mass matrices
Since the composites and exotics do not couple to the elementals, the mass matrix of
down type quarks are extended to the following form
D¯L
(
MF ′ λ
fR
)(DR
dR
)
→
(
D¯L
¯˜DL
)(
MF ′ Y˜
6V λfR
Y 6V Mψ 0
)DRD˜R
dR
 , (38)
and similar one holds for charged leptons.
Decreases of the FN charges by fermion mixings require large mixings. General analy-
sis is difficult because the model has so many free parameters and the diagonalization can
not be done perturbatively. Nevertheless, several statements can be made from observa-
tions. The lopsided texture in partially composite models is generated from the particular
set of mass terms λfLM−1F and M
−1
F ′ λ
fR. Then, decreases of FN charges are realized by
increases of λfL,fR or decreases of MF,F ′. Since the couplings between exotics and elemen-
tals are forbidden, the increases of λfL,fR from mixings are difficult without fine-tunings
for MF,F ′, Y
6V ≫ λfL,fR.
Let us consider precisely the latter case, decreases of MF,F ′. The later discussion
of majorana neutrino mass suggests that the composite sector should have trivial flavor
structures Y 6V ∝ Y˜ 6V ∝MF,F ′ ∝Mψ. For simplicity, Y 6 = Y˜ 6 is also assumed. In order
to decrease the mass eigenvalues MF ′i of D(L,R)i to λ
2MF ′i, the mass parameters should
satisfy the relation MF ′iMψi ≃ Y 6iiV Y˜ 6iiV . Treating the small mass eigenvalues λ2MF ′i as
a perturbation, these parameters should satisfy the following relations for the first and
second generations:
Y 6iiV ≃
√
MF ′iMψi(1 + λ
2Xi) ≃
√
MF ′iMψi
(
1 +
λ2(MF ′i +Mψi)
2Mψi
)
. (39)
Here, the term λ2Xi is a perturbative correction to Y
6
iiV . These particular forms of
Yukawa matrices Y 6, Y˜ 6 (and Y 22, Y˜ 22) produce the decreases of composite mass MD,L
and the FN charges of dR, lL. However, it requires an order of λ
2 ≃ 5% fine-tunings
between matrices Y 6V, Y˜ 6V and MF,F ′.
As a result of the partial compositeness, the decreases of FN charges require fine-
tunings between mass and Yukawa matrices, either for the increases of λf,f
′
or for the
decreases of MF,F ′. Therefore, the case for n = 2 and ndi = nli = (3, 2, 2), which requires
only increases of FN charges will be appropriate to build a natural model.
5.3 Majorana Neutrino Mass
The lepton number violation with in partially composite models have been discussed in
literatures [65–67]. In Refs. [65, 66] the majorana mass was introduced by an interaction
between massive lepton and SM Higgs doublet L¯cLLLHH/Λ. On the other hand, Ref. [67]
introduced a majorana mass for elemental right-handed neutrinos, MRν ν¯
c
RνR. In models
with the type-I seesaw, the large mixing of light neutrinos can not be realized unless the
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hierarchy of Yν and MR is compensated. Then flavor structures Yν and MR should be
induced from the same mechanism.
Here, we consider the other case, in which the massive leptons receive majorana mass
terms from the GUT Higgs. For this purpose, an exotic singlet σL(1, 1, 1) are assumed.
The general interactions between composites and the singlet are written as
L = Mσ
2
σ¯Lσ
c
L + Y
1Lσ¯LH
†αa
R F
αa
R + Y
1RF¯ αaL H
αa
R σ
c
L + h.c. . (40)
The mass matrix of them is found to be(
N¯L N¯
c
R σ¯L
) 1
2
 0 MF ′ Y 1RVMF ′ 0 (Y 1L)TV
(Y 1R)TV Y 1LV Mσ
N cLNR
σcL
+ h.c. . (41)
The inclusive analysis is also difficult by the condition MGUT & MF ′, which is required
from decrease of the FN charges. Although a specific diagonalization can not be described,
the composite neutrinos N(L,R)i obtain majorana masses m(L,R)ij ∼ MF ′.
When the mass matrix (41) is block diagonalized, the Lagrangian relevant to the
majorana mass of light neutrinos is found to be
L ∋ ζfRkj N¯LiTikνRj − N¯LiMNiNRi −
1
2
mLijN¯
c
LiNLj −
1
2
mRijN¯
c
RiNRj + h.c. . (42)
Here, Tij is some linear transformation, and the composite neutrino masses MNi are
generally different from the GUT invariant mass MF ′i. Due to this, the FN charge of the
neutrinos nνi can be changed from (3, 2, 0).
In the low energy, massive fields NL,R should be integrated out by using their equation
of motions:
∂L
∂N¯ cRi
= 0 ⇒ −M−1NimRijNRj = N cLi, (43)
∂L
∂N¯Li
= 0 ⇒ TikζfRkj νRj = −mLikM−1NkmRkjNRj +MNiNRi. (44)
The first term in Eq. (44) has roughly the same order as the second one. If this term can
be neglected in some reason (c.f., mL = 0), we can obtain a simple formula ofMνR similar
to the Yukawa interactions (25):
L ∋ −1
2
MνRij ν¯
c
RiνRj + h.c. , MνRij = (ζ
′fRTM−1N mRM
−1
N ζ
′fR)ij, (45)
where ζ ′fR ≡ TζfR.
Therefore, the light neutrino mass can be calculated from the seesaw formula by
integrated out the neutrinos νRi,
mν =
v2
2
yνM
−1
νRy
T
ν (46)
=
v2
2
(ζfLM−1F Y
FM−1N ζ
′fR)(ζ ′fRTM−1N mRM
−1
N ζ
′fR)−1(ζfLM−1F Y
FM−1N ζ
′fR)T (47)
=
v2
2
(ζfLM−1F Y
Fm−1R Y
FTM−1F ζ
fLT ). (48)
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In order to reproduce the lopsided texture, the flavor structure should be generated from
ζfLM−1F . In other words, Y
Fm−1R Y
FT and Y F should have (almost) the same flavor
texture and then m−1R Y
FT ≃ 13. The lepton number violating mass mR is generated from
MF ′, Y
1(L,R) and Mσ in Eq. (41). It means that composite neutrino sector should have
(almost) the same flavor structure (c.f, Y F ∝ MF ′ ∝ Mσ ∝ Y 1(L,R)) to reproduce the
large mixing of neutrinos by the seesaw formula. If the first term in Eq. (44) can not be
neglected, the same discussion can be applied for mL. For example, these conditions can
be realized by a SU(3)F flavor symmetry in the composite sector.
6 Conclusions and Discussion
In this paper, we consider a lopsided flavor texture compatible with thermal leptogenesis in
partially composite Pati–Salam unification. The Davidson–Ibarra boundMνR1 & 10
9GeV
for the successful thermal leptogenesis can be recast to the Froggatt–Nielsen (FN) charge
of the lopsided texture. We found the FN charge nν1 of the lightest right-handed neutrino
νR1 can not be larger than a upper bound, nν1 . 4.5.
From the viewpoint of unification, the FN charges of the neutrinos nνi should be the
same to that of other SM fermions. Then, two cases nνi = nqi = (3, 2, 0) and nνi = nli =
(n + 1, n, n) are considered. Observations of PS model shows that the case of n = 0,
nli = ndi = (1, 0, 0) will be the simplest realization.
To decrease the FN charges of these fermions from the GUT invariant FN charges
nqi = (3, 2, 0), we utilize the partial compositeness. In this picture, the hierarchies of
Yukawa matrices are a consequence of mixings between massless chiral fermions fL, f
′
R
and massive vector fermions FL,R, F
′
L,R. This is induced by the linear mixing terms λ
f f¯LFR
and λf
′
F¯ ′Lf
′
R.
The lopsided texture in partially composite models is generated from the particular
set of mass terms λfLM−1F and M
−1
F ′ λ
fR. Then, decreases of FN charges are realized
by increases of λfL,fR or decreases of MF,F ′. Since the couplings between exotics and
elementals are forbidden, the increases of λfL,fR from mixings are difficult without fine-
tunings for MF,F ′, Y
6V ≫ λfL,fR. On the other hand, the decreases of MF,F ′ require an
order of λ2 ≃ 5% fine-tunings between matrices Y 6V, Y˜ 6V and MF,F ′.
As a result of the partial compositeness, the decreases of FN charges require fine-
tunings between mass and Yukawa matrices either for the increases of λf,f
′
or for the
decreases of MF,F ′. Therefore, the case for n = 2 and ndi = nli = (3, 2, 2), which requires
only increases of FN charges will be appropriate to build a natural model.
Moreover, it is found that composite neutrino sector should have (almost) the same
flavor structure to reproduce the large mixing of neutrinos by the type-I seesaw mech-
anism. If the vev of GUT breaking Higgs mediates flavor structure, they contribute to
some mass term. Then, this statement can be hold for even in other Pati–Salam model,
that does not assume the partial compositeness.
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